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Abstract 

Let pt be the heat kernel associated to the Laplacian with a vector 
potential. We prove under rather strong assumptions on this potential 
that the small time expansion of p t is Borel summable. An explicit formula 
for pt plays a central role. In the periodic case, a Poisson's formula is 
introduced. 



1 Introduction 

Let v ^ 1. Let Cq, . . . ,c u be regular square matrix- valued functions on R". Let 
H be the operator defined by 

H := -(flP + • • • + dlj + 2( Cl (x)d Xl +■■■ + Cu(x)d Wv ) + 

(ft^ciH V d x „c v ) - cq(x). (1.1) 

Let pt{x, y) be the heat kernel associated to this operator. Let p c ° n3 {x, y) be the 
conjugate heat kernel given by 



p t (x,y) = (47rt)-* exp(-^ 1 ^) P r j (^,2/)- 

In a previous work about the scalar potential case (ci = 0,...,c y = 0), we 
found conditions on cq providing Borel summation of the small time expansion 
of the conjugate heat kernel. We also studied the partition function on the 
torus. In this paper, similar questions are considered in the vector potential 
case. A general motivation for this work is a question asked by Balian and 
Bloch in [B-B]. Can quantum quantities be exactly recovered with the help 
of classical quantities? Indeed, coefficients of the small time expansion are 
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classical quantities and then Borel summation gives a positive answer to this 
question for the quantum quantity (y\e~ tH \x) — pt(x, y)- See [Ha4] for partial 
comments about these questions and references therein. Another motivation is 
the introduction and the use of a so-called deformation formula which gives an 
"explicit" expression of the conjugate heat kernel (see Proposition I3.2p . Note 
also that we always work in a complex setting (f 6 (D, x,y G (D^). 

Let us now introduce more precisely our results. The following asymptotic 
expansion (Minakshisundaram-Plcijel expansion) is well known 

Pt° ni (x,y) =ao(%, y) + ai(x, y)t H h a r -i(x, y)^' 1 +t r O t ^ +(l). 

We shall prove, under rather strong assumptions on Co, . . . ,c u , that this expan- 
sion is Borel summable and that its Borel sum is equal to p c t OYl \x, y). 

Assume now that cq, ...,c„ are defined on the torus (R/Z)" with values 
in a space of d x d matrices and that Co is Hermitian whereas c\, . . . ,c v are 
anti-Hermitian. Let Ai ^ A2 ^ • ■ ■ ^ A„ ^ • • ■ , A„ — > +00 be the eigenvalues 
of the operator H acting on periodic (Devalued functions. We shall prove the 
Poisson formula: for small t € (D, IZet > 0, 

+00 2 

= (47rt)-* £ e-fe«,(t), (1.2) 

n=l gGZ" 

where, for g e 2^ 

= ao :9 + ai, 9 i H 1- ar-i, 9 i r ~ 1 H (1-3) 

In (|1.3[) . each expansion is Borel summable and u q denotes the Borel sum of 
such an expansion. 

Let us compare the scalar and the vector potential cases. We consider in 

[Ha4] perturbations of -(9^ H h fl£ J + a{x\ H h x 2 v ) with a€l. For 

the vector potential case, we prefer to consider only perturbations of —(9* + 
■ ■ ■ + d% ), and then focus on the perturbation term. This allows us to work 
easily with the Borel transform of the conjugate heat kernel. The proofs are 
then simplified as already remarked in [Ha4]. In what follows, we prove that this 
Borel transform is analytic on the complex plane and is exponentially dominated 
by the Borel variable on parabolic domains which are symmetric with respect 
to the positive real axis. One can expect that this result can be improved (in 
the scalar case, the Borel transform is exponentially dominated by the square 
root of Borel variable on the same domains). 

Our choice of notation in is imposed by our deformation formula with- 
out any reference to a Hermitian product. Now, let u\ , . . . , a v be Dirac matrices 
((Tjtjk + UfcCj = 6jk)- Then a Halmitonian like (a ■ d x — ia(x)) is covered by 
our results both in an Abelian setting (electromagnetic field) and a non-Abelian 
setting (Yang-Mills field). 

In the scalar potential case, the deformation formula is considered by E. 
Onifri [On] in a heuristic way and can be obtained with the help of Wiener's 
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(or Feynman's) formula and Wick's theorem [Ha4, Appendix]. In the vectorial 
potential case, this connection also exists but it seems more difficult to exhibit it. 
In [F-H-S-S] , an algorithm, using Wick's theorem, is proposed for computing, in 
a covariant invariant way, the coefficients of the small time expansion of pt(x, x). 

2 Notation and main results 

For z = \z\e ie e (D, 9 e] - 7T,7r], let z 1 / 2 := \z\ l / 2 e id / 2 . Let T > 0. Let 
€+ := {z G C|fte(z) > 0}, D r := {z e <D\\z\ < T}, £>+ := D T n C+ and 
£>t := {z G (D|7£e(|) > £>t is the open disk of center and radius -j. Let 
k > 0. Let S K := {z e <C\d(z, [0, +oo[) < k} and 

S* K := {z e C||Xmz 1/2 | 2 < k} = {z e C|^ez > —lm 2 z - k}. 

4k 

S K is the interior of a parabola which contains S K (see figures 2.1 and 2.2 in 
[Ha4]). 

We work with finite dimensional spaces of square matrices. We always con- 
sider multiplicative norms on these spaces (\AB\ ^ |^4||-E>|, for A and B square 
matrices) and we assume that |1| = 1. For A = (ffli,j)i^»,j<d with a,ij G (D, we 
set A* — (a,j,i)i^i.j-^d- For A, fi G (D y , we denote A • fj, := Ai/ii + • • • + \ v ^u, 
A := (Ai,...,'A„), XmA := (ZmAi, . . . ,ZmA„), A 2 := A • A, |A| := (A • A) 1 ^ (if 
A e 1R", |A| = VA 2 ). Later, we shall extend these notations to operators and 
measures. 

Let f2 be an open domain in (D m and let F be a complex finite dimensional 
space. We denote by A(Cl) the space of F- valued analytic functions onl], if 
there is no ambiguity on F. 

Let 03 denote the collection of all Borel sets on R m . An F- valued measure \x 
on R m is an F-valued function on 03 satisfying the classical countable additivity 
property (cf. [Ru]). Let | • | be a norm on F. We denote by the positive 
measure defined by 

oo 

H(£) = sup]TH^)|(£e<8), 

the supremum being taken over all partitions {Ej} of E. In particular, (R m ) < 
oo. Note that d\i = hd\n\ where h is some .F-valued function satisfying \h\ = 1 
|/z|-a.e. In the sequel, we shall consider vector spaces F v and F v+1 with the 
following norms (depending on the norm of F). For / = (/o, . . . , f v ) € F u+1 , 
we set / := (/i,...,/„) and |/|* := max(|/|, |/ |). If / = {f Q ,...,f v ) is an 
i*^ -1-1 -valued function on IR™ 1 and 6 is a positive measure such that 

/ \fo\d0 < oo,..., / \f v \dB < oo, 

JR m JR™ 

one can define an ^"-valued (respectively F ly+1 -valucd) measure A (respectively 
A) by setting dX = fd9 (respectively dX = fd6). Then d\X\ = \f\d0 and 
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d|A|* = \f\*d8. Let 9 be a positive measure, w be a positive function and /x 
be a normed vector space valued measure. The notation \d(j,\ ^ wdO means 
that \n(E)\ «; J E wd6 (or |/z|(.E) J E wd6) for every £ G «8. Equivalently, 
there exists a vector-valued function /i such that dfi = hdO and \h\ ^ w 8-a.e. 

For instance, let Ui, , u v be measurable (D-valued functions and Ai, . . . , \ v be 

F- valued measures. Then |u-dA| < |i*|rf| A] (where ud\ := uid\i + - ■ -+u u d\ u ). 

We refer to [Ha4] for a rigorous definition of Borel and Laplace transform. 
Roughly speaking, assuming that / (respectively /) is a function of a complex 
variable t (respectively r), / is the Laplace transform of / if 

/(*) = / /W e_T T (2- 1 ) 

whereas / is the Borel transform of / = + a it + ' ' ' + a n t n + • • • if 

oo 

With suitable assumptions, these two transforms are inverse each to other. In 
the whole paper, sums indexed by an empty set are, by convention, equal to 
zero. 



Theorem 2.1 Let e > 0. Let Ao, ■ • • , X u be measures on R 1 ' with values in a 
complex finite dimensional space of square matrices verifying for q € {0, . . . , v} 

[ exp( £ £ 2 )d|A g |(0 <oo. (2.2) 

Let 

c q( x ) '■= J exp(ix ■ £)dA 9 (£). 

Let c(x) := (c±(x), . . . , cv(x)) and d x ■ c := d Xl c\ + • ■ • + d Xv c v . Let ij]] be the 
solution of 

d t u= <9 2 u — 2c(x) • 9 x m + (co(x) — d x ■ cju 

(2.3) 

u|t=0+ = &r=tfl 

Let u 6e defined by u=(47rf) -l/ / 2 e « u. Then v admits a Borel transform v 
(with respect to t) which is analytic on (D 1+2iy . Let k,R> 0. Let C be defined 
by 

C := J exp(|e 2 + (1 + RM\ + f )d\\\*(0- 
Then, for every (r,x,y) G S K x <D 2l/ swc/i t/iat \Imx\ < R and \Imy\ < R, 

\v{T,X,y)\ <; e C|x-y| e C(|r|+2|r| 1 / 2 )_ (2 4) 



1 Since co, . . . , c„ are analytic and bounded on R", 112.31 1 admits a unique analytic solution 
on R+ x R 2 ". 
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Remark 2.2 By \2.J$ and i2.1\) . the solution u of i2.3\) through v is meaningful 
for t G (D,7?.e(i) > ^. Since S K contains S K) \2.1$ implies that the small time 
expansion of v is Borel summable and that v is equal to the Borel sum of this 
expansion (cf. [Ha4]). 

Remark 2.3 One can expect that \2.J$ can he improved. Let us assume that 
v — 1, that the measure Ai takes its values in (D and satisfies 112.2]) where e is 
replaced by 2s. Let 

c(x) := / exp(za; • £)c£A(£) 



where X is a <C-valued measure on R satisfying \2.2\) . Let us choose cq '■= c\ + c. 
Then Co is the Fourier transform of a measure satisfying 12. 2]) and the system 
\2. 3\) is equivalent to 

dtu= (d x — ci{x)) 2 u + c{x)u 



u 



t=0+ — °~x=y 



Performing the substitution 



ii = cxpl 



Cl (z)dz^u (2.5) 



in the previous system allows one to use the scalar case Borel summation result 
[Ha4, Theorem 3.1]. Therefore \2.1$ can be improved as follows: 



\v(T,x,y)\^e c ^-y\e d ^ 



1/2 



C x := / e^dlX^O, 



whe 

R 

c ■.= 2 (jT ^ eX p(^ + \e + Rimmi) 1/2 ■ 

In particular, unlike in the general case (see Remark \2.2\) . the solution u of 12. 3\) 
through v is meaningful for t G C + , which is more natural. Actually the proof 
of Theorem \2.1\ uses a deformation formula which does no take into account the 
fondamental notion of magnetic field (or curvature). The substitution \2. 5)) is 
efficient because the magnetic field vanishes in the one- dimensional case. 



Corollary 2.4 Let e > and d G N*. For every (j, q) G {0, . . . , u} X W , let 

Cj. q be square matrices acting on <C d such that co,_ g = Cq and Cj,_ g = — c* q 
for every j G {1, . . . , v }. Assume that 
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for every j 6 {0, . . . , v}. Let Cj(x) — Yl q e%» Cj^ q e 2l ' Kq ' x . Let Ai < A 2 ^ • • • be 
the eigenvalues of the operator 

H := -dl + 2c(x) -d x + (d x -c- c (x)) 

acting on (D d -valued functions defined on the torus (1R/Z) 1 '. For each q G W , 
there exists a function w(q, .) analytic on (D satisfying 

• For every k > 0, there exists T, K > such that, for every q G W and r G S k , 

|w(g,r)| < ife T e r . 

• There exists T such that for every t G Df 

+°° 2 H-°° J_ 

jV^' = (4^)-"/ a J] e-fc / e -^(g,r)^. (2.6) 
n=i gez- J ° 1 

Remark 2.5 Let us consider the usual Hermitian product on L 2 ((R/S) iy , (D d ) . 
5t/ ow assumptions on the coefficients Cj_ q , H can be viewed as a self-adjoint 
operator with compact resolvent. The proof of Corollary \2.J\ is similar to the 
proof of Corollary 3.3 in [Ha4] and is therefore omitted. 

Remark 2.6 

• Formula \2. 6\) can be viewed as a Poisson formula (see also [H&j.]): for 
each q G 7L V , there are numbers ao, q , ai, q , • ■ • G (D and functions Ro, q , Ri, q , • ■ • G 
A{Df) such that, for every r and t G Df 

Y^e~ Ant = (4nt)-"/ 2 e~ iT (ao., q + a 1 , q t+---+a r - hq t r - 1 +R r , q (t)), 

n=l q E%" 

(2-7) 

and for n small enough, there exist M > such that 

\R r , q (t)\<M^\t\ r , 

for every r ^ 0, q G 7L V , t G Df. 

• One can easily check, using the deformation formula \3. 3\) . that 



a o,g — 



'[0,1]" 

with the following definition for the ordered exponential 

1+ / q ■ c(x + siq)dsi + / q ■ c(x + s 2 q)q ■ c(x + Siq)ds 1 ds 2 + ■ 

JO J0<s 1 <s 2 <l 
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3 Proof of the theorems 

Our proofs use the following deformation formula which gives a representation 
of the heat kernel. First, we need 

Notation 3.1 Let Ao, . . . , A„ be measures on JR" with values in a complex finite 
dimensional space of square matrices. Let us assume that for every R > and 
«6{0 v} 

exp(ii|£|)d|A,|(0 <+oo. (3.1) 

R" 

2n+l 



Let c and cq as in Theorem \2.1\ For t,xi, . . . , x n , y\, . . .y n G (fj 2 ™+ i an d q < 
Si < • • • < s n < 1, let 

V n (t,x u yi, ...):= (x n - y n ) ■ c(y n + s n (x n -y„)) +tc (y n + s n (x n -y„)) 

(xi - yi) • c(y 1 + si{xi - y x )) + tc (y 1 + si(xi - yi)) 
Let P n be the operator acting on _4(<D 2lm ) defined by 

n 

3,k=l 

where j A k := min(j, k) and j V k := max(j, k). Finally, for £ — (£i, . . . , £ n ) G 
W n , let 

and Zei ||A|| 6e the measure on IR 1 '" defined by 

d-||A||(0 = d|A|*(£ n )...d|A|*(£ 1 ). 

Proposition 3.2 Lei Ao, . . . , A„ be as in Notation \3.1\ Let v be defined by 

v = 1 + v n (3.2) 



where 

v n (t,x,y):= / [exp(tP„)K(t,a;i,yi,...)]| ^ = Xj V1 = v d n s. 

Jo<s 1 <-<s n <l 

x n — x, y n — y 

(3.3) 

Let R > and Zei T fl := {(x,y) G C 2l/ ||Xmx| < i?, |2my| < R}. Let 



T R := Q^exp((l + J R)|£|)d|A|*(0 



-l 



XTien w G .4(1?^ x T#). The function u := (4-7rf) u / 2 e « v is a solution of 

KB- 
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Let us give another useful expression of the function v. Let z — {z\ , . . . , z n ) G 
€ vn and £ = . . . , £„) € IT™. Let ^ be the measure defined on E m by 

= (f„ • dA($„) + trfAo(en)) •••(*!• rfA(a) + ^A (a))- 

Let s = (si, . . . , s„) such that < Si < • • • < s n < 1. Let P n be the operator 
defined by 

n 

P„ * ^ (1 — Sjvk)tjvk ■ d g]Ak - s jAk £ jAk ■ dg jvk - 2 J3 d Ej ■ d- Zk . 

j,k=l l^j<k^n 

Let 

n 

s(l-s) -„£<g)£ := 53 s j'Afc(l - Sjvfc)6' 
(y + s(a: - y)) ■ £ := (y + si(x - y)) ■ £i H h (y + s„(x - J/)) • £„• 



Remark 3.3 TTie following identity holds 

j(y+s{x-y)y^ 



v n = e 

/0<si< - <s„<l JE" 



e -t.(i-.). B «* [etP-^^^] | Sl=x _ y d n s. (3.4) 



Remark 13.31 and Proposition 13.21 will be proved together; we shall need the 
following remarks and lemma. Remark 13.41 will partially explain the shape of 
the operator P n in (|3.3j) . Remark [33] (cf. Lemma 4.1 in [Ha4]) is crucial for the 
proof of the convergence of the integrals in (|3.4p and for Theorem 12.11 

Remark 3.4 

n n n 

> + e • 9 * ■ * p «] = (E 9 * )•(£<)• 

j=i i =1 i =1 

Remark 3.5 Let £ e R"" and < si < • • • < s„ < 1. T/ien 

< s(l - s) •„ £ ® £ < «(Ci 2 + • • • + £)• (3-5) 

Lemma 3.6 Let Ao, • • • , X v be as in Notation \3.1\ Then, for tn,n£N,fn^ n, 
there exist measures fi n _ rn defined on lR, un which are polynomial with respect to 
{x, y) and which do not depend on t such that 

[e^-d^CO] | *x = *-y = £ * m d"Vn,m(0 (3-6) 

■ ■ ■ rn^n 
z n = x - y 
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where 

1 It — 1l\ n ~ 2 P~9 

< "!el^ x £ _L_L^ d -||A||(0. (3.7) 

p + q — m 
Ip -+- q ^ n 
P,0 

Proof Let 

& 7 (£):=-i 51 s i^ +i £ (i-SjOO- 

Then 

n 

7=1 l<a</3<n 

For a,j8,7 = l,...,n, a < f3, let a 7 := 6 7 (£) ■ and A a .j3 := • 9^ 
be the operators acting on linear combinations of monomials such as Iljej % 
where J C {1, ...,n}. Since a 7 = A| ^ = 0, a 7 ^4 Qj( 3 = if 7 € {a,/?} and 
A a ^A a t t0 t = if {a, /3} n {a', /3'} ^ 0, one gets 

n(E a 7- 2 e A ^r= e (-2f n^n^ww' ( 3 - 8 ) 

7 =1 l^a</3^n h,...J p ,J 76 J fc=l 

Here, p ^ and the sum runs over all collections of pairwise disjoint subsets 
Ii, . . . , I p , J of {1, . . . , n}, such that |ii| = • • • = \I p \ = 2 and | J\ + p = r, 
without ordering on I\ , . . . , I p . 

Expanding e tp ™ using Q3.8P implies that the left hand side of (13.61) is equal 

to 

£ (-2trt^ + ^T {I} ,j, K (3.9) 

/ 1. J.h 

where 

?w.* ■= n 

{a,/3},7,<5,£ 

{(dA(£ Q ) ■ d\(^))(b 7 (0 ■ d\(^))((x - y) ■ dAfe))dA fe)} > . (3.10) 

Here we use the following convention: 

First, p G N, Ii, . . . , I p> J, K are subsets of {1, . . . , n} such that |7i | = • • • = 
\I P \ = 2 and ii, . . . , I p , J 7 K are pairwise disjoint (hence 2p + \ J\ + \K\ < n). 
The sum (|3.9|) runs over all such subsets without ordering as far as 1% , . . . , I p 
are concerned. 

Second, if Ii,... ,I p , J,K satisfy the previous assumptions, the product in 
f|3.10[) runs over all {a, (3} — Ix,...,I p , 7 € J, e € if and <5 lying in the 
complementary of I\ U • • • U I p U J U if . 

Third, the symbol {•}> means that the terms of the product are ordered. 
For instance, if n = 6, p = 1, I\ = {1, 5}, J = {3} and K — {2, 4}, 

-P{i},j,k = £(x - y) ■ dA(6i)dM60dAo(&)&3(0 ■ dA(6)dAote0dM&). 
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Then (gU) holds with 



Ji,. J,K 
p + J + |A'| = m 

Let p, j, k E N such that 2p + j + k $C n. There are 2 p p !j!fc!(n-2p-j-fc)! subsets 
Ji, . . . , I p , J, K such that \ J\ = j and \K\ — k in (j3J|. Moreover 

Then 

p + J + k = m 
2p + j + k < n 



Since, for q ^ 0, 



j+k=q 

one gets ([37f]) . □ 

We can now prove Proposition 13.21 

Proof We claim that the right hand side of Q3.4p is well defined and analytic 
on ©+ x <C 2u . Let |A| as in Lemma 151)1 For n > 1 and (t,x,y) E C+ x (D 2l/ , let 

d n W n (t, x, y) := e <*+«(*-»>)-e e -*«(l-«HttK [e^-d^fO] U = * - „ 

z„ = x - y 

and 

v n (t,x,y) := / / d"V„(t,a:,iO- (3.12) 

./0<S;l<—<s„<1 JR"" 

Let R> and suppose now that (x,?/) € T/{. By (|3.5p and Lemma 

1 \x-y\ n - 2 'P- 
p\ (n — 2p — g) 



1 It — 7/ 1 Tl — 2p — q 

| t rW n (t,s 1 tf)|<n!e< R+1 >iei 1 E ~ \ \ V 1^^1^11(0- 



2p + g ^ n 
P, 9 > 

Let 

A:= / exp((l + i*)|£|)d|A|*(£). 

JE" 

Then 

io< sl <...< s „<i Jam 2p ^ n p! (n - 2 P - 9 )! 
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Therefore 

G:= ! + E / / |d""X(*>*>iOI 



0<si<---<s„<l JR» 



^ e A|«- w | y A 2 P + 

P. 9^0 ^ 



I 



since, for p, g € N, 



E| T _ ,,\n-2p-q 
A n-2p-q \± y\ _ e A\x- v \ 



(n-2v-q)\ 

Hence Q < +00 if A\t\ < 1. Set Tr := -j. Then u„ and hence 

5 := 1 + ^ £?„ 

are well defined on Dj, x Tr. By dominated convergence theorem, one can 
also check that v is analytic on Dj, R xTs. 
Let us now prove that 2 n = u„ . One has 

V n (t,xi,yi,. . .) = y exp^(y 1 +si(^i-yi))-^ 1 H hi(y„+s„(a;„-j/„)) -^„^ x 

) ■ d\(£ n ) + td\ (€n)] ■ ■ ■ [(Xn - Vn) ' d\(£ n ) + tdX ^ n )] ■ 



Then 



9x a ■ dy p V n (t,xi,yi, ■■■) = J ex p(*(yi + s\{xx - yi)) -^H ): 



[(J + 77 + 777)^(0] I ft 

where 



x - y 

z n = x - y 



I := -s a (l - Sf3)£ a ■ £>,77 := -d Ma ■ 

7/7 := i((l - s^)^ • <9j n - s Q £ Q • 5^). 

This proves that v„ = v n and therefore Remark 13.31 Then v = v and v € 
A(D^ R x Tr). We claim that the function 



u = (Airt)-^ 2 e- L ^^v, (3.13) 



where v is given by (|3. 21) . is a solution of (|2.3[) . Indeed, any solution it of 
is obtained, using (|3.f 3[) . from a solution v of the conjugate equation 

(d t + ^ ■ d x )v = d 2 x v + i^yhM v + (c (x) - d x ■ c( x ))v ~ 2c(x) ■ d x 

V\ t =0+,x=y = 1 
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Let Vq = 1. It is then sufficient to verify that v n satisfies 

(p t + ^ • d x )v n = d 2 x v n + (a: ~ v) ' c u w -i + (co - • c)u n _i - 2c • d x v n -i 

V n \t=0+ ,x=y = 

(3.14) 

for (t,x,y) <= x Tjj, n 1. It suffices to check (|3.14l) for (t,x,y) £ 

}0,T R [xT R . By 



v n (t,x,y) 



0<si<---<s„<t 



[exp^jV^t,^,!/!,...)]! 



a;i — x,yi — y ^ ° 



= x, y n = y 



where 
V^(t, a;i,yi,...) := 
"Si - 2/i 



(3.15) 



c{y n + s n ) + c (y n + s n ) 



t 



t 



t 



i . xx-yx xi - 2/i. 
c (yi + s i 7 ) + c o(2/i + si ) 



t t t 

One has (pt + • d x jv n = I + II where I is obtained by differentiating the 
domain of the integral in (|3.15|) whereas II is obtained by differentiating the 
integrand. Then 



0<si<-<s„_i<t 



[exp(tP n )V^,Zi,2/i,...)]| 



s n = t 

Xi = x, J/i = y 



d n ^s. 



x n — x, y n — y 



Note that 

V%(t,Xi,yi,...)\ Sn=t = ( X " t Vn ■ c{x n ) +Co[x n yjVl_ 1 (t,xi,y 1 ,...). 



Since 



one gets 



P n = d Xn ■ d Vn + 2(J2 d * S ) ■ d v n + Pn-i, 

3 = 1 



(x - y) ■ c(x) 



t 



Let us evaluate 77. By Remark 13.4 



+ c (x))v n ^i - d x ■ c(x)v n -i - 2c(x) ■ d x v n -i. (3.16) 



c i - Vj 



3 = 1 



3 = 1 



3 = 1 



t 



Let j G {1, . . . , n} and a € {1, . . . , v}. Denoting by x^ a the a-coordinate of 
Xj € <D U , one has 



(ft 



c j - % 



= 0. 



(3.18) 
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Then 

n 

(d t + £ • d Xf )V*(t, x liyi , . . .) = 0. (3.19) 

j'=i 

Hence, by (|3~T7)l and (j3TT§l) 

(9 t + ^y^ ■ a, -^)[exp(tP n )^(t,a!i .yi,...)] | K1 = !C , !/1 = !/ =0. 

x n — x, y n — y 

Then 

II = d 2 x v n . (3.20) 

Hence, by (13. 16)) and (|3.20p . we have checked (|3.14p (the second line is trivial). 

□ 

For the proof of Theorem 12. 1[ we need [Ha4, Lemma 4.9]: 

Lemma 3.7 Let to ^ 1. For BeC, let r — > K m (B, r) be the Borel transform 
of the function t — > t m exp(— Bt). Then, for t£C and B 

\K m (B,T)\ < ^ex P (2VB\lm(T 1 / 2 )\). (3.21) 
to! V / 

Let us now prove Theorem 12. II 



Proof First, let us define v. Remark 13.31 and Lemma 13761 suggest the following 
construction. Let d m F n ,v n ,v be defined by 

d vn F n := J2 exp(i(y + s(x-y))-^K m (s(l-s)- n $®Z,T)d' /n f J i ntm (Z), (3.22) 



v n {r,x,y) := / / d m F n d n s, (3.23) 

J0<s 1 < - <s rl <l JW Jn 

v:=l + ^v„. (3.24) 

Let us check that v n and ?) are well defined. Let k,R> 0. Let (x, y) G Yr and 
r € 5 K . By {32]) and (BHD 



exp(2 K 1 /Vs(l - s) •„ 1® Z)d» n \\A\\ (0- 
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By ([S3]) 

sC 2 x 



f2nn\ 1 / 2 [e ~7Z ~ 



Hence 



K"F„| < exp((l + R)^ + E -{e x +■■■+ e 2 )£ + 



2nn 

e 



x 



Let 



Then 



2 P T^„ :p!(:P + 9)!(Tl_2p_ ' ?)! 

C := jf ^ exp(^ + + (1 + i2)|e|)d|A|*(0- 



/ f \d m F n \d n s ^C n J2 

JO< ai <-<B n <l o„,„< 



Then 

C:= 1 + f I \ dUn Fn\d n s 

n>1 JO<s 1 < - <s n <l JE"™ 

since, for p, q 6 N, 

\ ftn—2p—q 

(n-2p-q)\ 



E c 



-2p-q \ x V\ _ e C\x-y\ 



Hence Q < oo. This proves that v„ and are well defined on (D 1+2iy since k and 
i? are arbitrary. By dominated convergence theorem, one can also check that 
v n , hence v, are analytic on (D 1+2 ". 
Since p\(p + q)\ > ^ ^! 

Q ^ e C\x-y\ e 2C\T\^ e C\T\_ 

Then w satisfies ([Oj) . By ([532]) , (pH5|) and the definition of if OT fLcmma 1577)) , 
u„ is the Laplace transform of v n — v n . Then v defined by p. 21) is the Laplace 
transform of v. Hence Proposition 13.21 implies Theorem 12. II □ 
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